We investigate the high and low energy scattering of charged scalar waves from an extreme dilaton black hole (DBH). The analyses here correspond to forward scattering processes of two charged scalar particles with dilaton coupling under a certain extreme condition. We calculate the scattering amplitude and compare it with the known results obtained by other methods. We also discuss the case of incoming wave with a general charge and dilaton coupling.
Introduction
The study of high-energy scattering process including gravity is very important to explore a possible road to quantum gravity. Since the seminal papers [1, 2] appeared, many authors have studied the scattering of two particles at high energy (for an example, see [3] ). The effect of the Coulomb [4, 5, 6] and dilatonic forces [7, 8] has been also considered for scattering of charged particles in the leading order in momentum transfer correction.
The most simple object with mass and charges is a black hole. Exact solutions for black holes in string-inspired field theory have been found [9, 10, 11] . The interaction of extremely-charged dilatonic black holes has been studied in the low-velocity limit by one of the present authors [12, 13] . In particular, the black hole scattering at a low velocity was eagerly investigated there.
In the present paper, we investigate the high-energy scattering of a scalar wave from charged DBHs and reveal the properties by using the Coulomb wave approximation. The result is approximately equivalent to the high-energy scattering of two extremely-charged DBHs. Although our analysis relies on a method of pedagogical fashion, the results exhibits the interesting result at both low and high energy.
The structure of the present paper is as follows. In §2, we present a system to study by describing the background fields and wave equations on the background. In §3, we extract the long-range part from the spherical potential and the scattering of scalar wave by the extreme DBH is studied. The case with arbitrary charges and dilaton couplings for the incoming scalar is discussed in §4. The last section ( §5) is devoted to summary.
2 The DBH background and a charged scalar field coupled to dilaton
We suppose an Einstein-Maxwell-dilaton system described by the following action:
where R is the scalar curvature, φ a dilaton, and F µν = ∂ µ A ν − ∂ ν A µ is the abelian gauge field strength. Here the dilaton coupling a is considered to take a general value (a = 1 for effective field theory of string theory and a = √ 3 for reduced theory from the Kaluza-Klein compactification).
Let us consider the high-energy scattering of a charged scalar wave from an extreme DBH in the system. This process corresponds to the scattering of a charged massive object from an extreme DBH. In this section, we describe the background geometry as the target DBH and the wave equation for the incoming particle.
We assume the metric for an extreme DBH as [10, 11] 1
with
where M is the mass of the DBH. Note that we set the Newton constant G to unity. The dilaton field configuration and electric potential are given as
The electric charge Q and the dilatonic charge Σ of the DBH are considered as
and Σ = aM ,
respectively. These relations are called as an extreme condition among the mass, charge, and dilatonic charge here.
The classical action for a spinless particle, which has an electric charge q and is coupled to the dilaton field with a coupling constant a ′ , is
where m and q are the mass and charge of the particle respectively. Quantizing the charged scalar particle coupled to the dilaton, we obtain the scalar wave equation
where ψ is the wave function and the covariant derivative is defined as
For the background fields of the extreme DBH (2),(3),(4),(5), the wave equation (9) can be written as
where we assume ψ ∝ e −iωt . There are particularly simple cases, when the dilaton coupling constants takes certain values.
If we assume a ′ = a and the extreme condition for the probing wave, q = √ 1 + a 2 m, the wave equation becomes
Some particular cases are written as follows: When for a 2 = 3, the equation reads
while for a 2 = 1, the equation reads
In the next section, we solve the wave equation to analyze the scattering of the wave by the extreme DBH.
Long-range effective potential and approximation
In this section, we evaluate the cross section for the wave scattering in the lowest-order approximation. Here we expand the potential in terms of inverse of the distance r. Expanding the potential in M/r and dropping terms of higher orders than O(r −2 ), we get the wave equation
where α and β are given by
Here, we use k = √ ω 2 − m 2 . The Mandelstam variables s and t are defined by:
where θ is the scattering angle. We take the lowest order approximation, where the term of O(M 2 /r 2 ) is omitted. Then, the wave equation reduces to
The asymptotic form of the solution for scattering is [3, 6] ψ ≈ e
and then the scattering amplitude f (θ) is given as [3, 6] 
where the phase shift is obtained as
The scattering cross section of the lowest-order, in other words, in the Coulomb wave approximation is
For the case that k ≪ m, we find
This result agrees with the previous result (of one of the present authors) obtained by the classical analysis of the moduli space of slowly-moving extreme DBHs [13] . For a = 1, the expression (24) coincides with Eq. (3.14) in Ref. [13] . For a 2 = 3, almost no scattering occurs at the low energy, since there is no force between two extremal DBHs in the slowly-moving limit.
On the other hand, in the high-energy limit,
Then the result (25) agrees with one of 't Hooft [1] when M − m is neglected. The gravitational interaction is certainly dominant in the Planckian energy scale. It should be noted that no effect of dilaton couplings and charges can be seen either in the lowest order approximation in high-energy scattering.
The validity of the approximation is guaranteed by assuming the large impact parameter, because only the lowest order in M/r is expected to be dominant. This is equivalent to the case with small momentum transfer, or nearly forward scattering.
As further exploration on the validity of the approximation, we will estimate the feasible value for the impact parameter. If we expand the wave function as the angular momentum eigenvalue l, we find the centrifugal potential as l(l + 1)/r 2 . Thus, the O(M 2 /r 2 ) term of potential can be neglected if
Since the impact parameter is estimated semiclassically as
For the case that k ≪ m, the approximation holds for
while the approximation holds for the case that k ≫ m
4 The case with arbitrary charges and dilaton couplings for the incident wave
The wave equation with an arbitrary coupling and charge (11) is approximated to be in the form of Eq. (19). Then the coefficient α is
where Σ ′ = a ′ m. Hence, for arbitrary couplings, when the extreme condition is not satisfied, the scattering of very low energy is nothing but the Rutherford scattering with the cross section
for M m−Qq +ΣΣ ′ = 0. This result is trivial because of the existence of residual long-range static forces. Of course, at very high energy, the cross section is similar to (25) because of the gravity dominance.
